In our work we propose a novel method of analysis of photorefractive transport equations. The method based on a perturbative approach can be used in the case of two wave mixing and four wave mixing geometry, i.e. for the samples illuminated by interference patterns. Presented approach can be employed for a broad range of material and experimental parameters, particularly for arbitrary depth of light modulation pattern. The approximate analytical solution is compared with results of numerical calculations and a good agreement practically in every case was found. 
Introduction
The photorefractive effect is a phenomenon that converts nonuniform light intensity distribution into changes of refractive index due to the light induced space-charge electric field and an electrooptic effect. The space charge field formation in photorefractive (PR) materials is usually considered in the framework of band transport model, called also the photogeneration-diffusion-drift-trapping (PDDT) model. The photorefractive transport equations proposed by Kukhtarev et al. [1] are coupled in a nonlinear way, therefore in a general case the analytical solution is not available. Photorefractive materials can be regarded as a dynamic holographic media. The photorefractive gratings created by interfering waves are used for information storage and for material characterization [2] . By this reason, the response of PR material to the sinusoidal light intensity pattern is often investigated in theoretical papers. Probably the most commonly applied approach relys on a linearization of material equations, that consists in description of spatial distribution of all quantities present, namely: free carriers concentration, ionized traps concentration, current densities, and electric field intensity by the same functions as light intensity distribution. This procedure is valid only for small modulation depth of the light intensity pattern. In many experiments, however, a high modulation depth is used to improve diffraction efficiency; hence it is important to find the profile of PR grating also in this case. Several methods have been developed to find the stationary distribution of the electric field for arbitrary fringe contrast. Essentially four alternative approaches are used. First the set of material equations can be solved numerically [3] [4] [5] [6] , but for small grating periods or biased samples the computing time may be quite long. Another approach assumes a linearization only of free carriers distribution whereas nonlinear distributions of all other variables are kept [2, 7] . In the third approach, distributions of the variables are represented by Fourier series which allows the change of differential equations to algebraic equations sets for every harmonic [8, 9] . Approximate analytical solutions were also derived, but only for negligible, either an applied field [10, 11] or diffusion [12] . Despite these limitations, analytical solutions are sometimes fairly complex. To date, no universal solution valid for arbitrary fringe contrast and including drift and diffusion transport is available. In this paper we propose a novel approach based on perturbative method, which gives a good agreement with numerical results practically in every case. The method, combining numerical and analytical calculations avoids time consuming full numerical solution of material equations. The approach is based on confirmed numerically strong domination of first order solution in free carriers distributions for arbitrary modulation depth [3, 5] , which determines electron density with the help of perturbative method. Other quantities (like electric field and ionized traps distribution), which do not fulfill this condition, are obtained from the analytical relations resulting directly from the material equations. The perturbative approach has been used in different fields, like in the solution of Maxwell's equations [13] , quantum mechanics [14, 15] , or some soliton solutions [16] . But until now, according to our knowledge, if the perturbative method was used to solve photorefractive transport equations, it was applied for all variables [17] [18] [19] and therefore was not suitable for interference pattern contrast close to unity. Moreover, it is worth to note that almost all theoretical papers concern the simplest band transport model with one level of traps and one type of free carriers. The method described in this paper can be easily extended to the model including simultaneous electron and hole transport, which appears to be important in many PR materials. Obtained results are compared with linearized, perturbative and numerical solutions. In addition, the role of higher harmonics in the free carriers distribution was investigated.
Formulation of the problem
In the simplest version of PR effect (often treated as a standard model) the crystal contains two kinds of localized energetic levels inside the band gap (identified with defects or impurities) and one kind of charge carriers. In this paper we study a case of a donor type deep levels with concentration N D which are partially compensated by shallow acceptors with concentration N A . In a typical two wave mixing (TWM) setup two coherent monochromatic beams interfere inside the PR crystal and resulting stationary light intensity pattern is given by the expression
where I 0 = I 1 + I 2 is the average light intensity, = (I 1 I 2 ) 1/2 /I 0 is the modulation depth (fringe contrast 0 < ≤ 1), K is the grating vector (K = 2π/Λ, where Λ is the grating period), ( ) denotes the window function determining a size of a fringe pattern and c.c. means the complex conjugate. In bright regions electrons are photoexcited from deep traps to the conduction band where they move due to the diffusion and drift, and after some time recombine to ionized donors. Recombination of electrons is more effective in dark fringes which leads to a nonuniform spacecharge distribution. The resulting nonhomogenous internal electric field modulates the index of refraction through the linear electrooptic effect (Pockels effect). Usually refractive index changes can be approximated by a simple formula [2, 20] :
where and are the effective electro-optic coefficient and the average refractive-index, respectively. The generation of space-charge field can be described in frames of band transport model with one type of carrier (here electrons). For a nonphotovoltaic medium and one dimensional geometry (with external electric field parallel to the direction of interference pattern changes) the material equations are [20, 21] :
where , N D , N + D , N A are the electron, the donor, the ionized donor and the acceptor concentrations, respectively. E = E 0 + E ( ) is the total electric field inside a crystal, which equals to a sum of the applied dc field E 0 and modulated space charge field E . S = /hν where s is the cross section of photoexcitation from donors, γ is the recombination constant, µ is the electron mobility, B is Boltzmann's constant, ε 0 is the free-space electric permittivity, ε is the static dielectric constant, and T is the absolute temperature. The generation rate β = β + β is the sum of β , the rate of thermal carrier generation in dark, and β , the rate of carrier generation due to scattering of incoherent light inside a crystal (the typical case is β β ). If a constant electric field E 0 is applied to the crystal, the Eqs. (3)- (6) are supplemented by a boundary condition:
where L is a distance between electrodes. In this paper we look for a steady state solution, so all time derivatives in Eqs. (3)- (6) are set to zero. To avoid problems connected with consideration of boundary conditions one usually assumes that the light pattern extends over a whole distance between electrodes (or a size of a crystal) and this distance is much larger than the fringe period Λ. This permits to substitute w( )=1, impose periodic boundary conditions, and replace (7) by
where denotes averaging over one grating period. In that case all variables can be described by periodic functions with the fundamental period Λ.
Description of the method
For a sinusoidal light excitation all variables ( , N + D , E) may be expanded in Fourier series: where V 0 represents average values, V are variables amplitudes which are complex, which reflects the fact that the variables distributions can exhibit spatial shifts in respect to the interference pattern. For the sake of calculations, the truncated Fourier expansions with N components are used. Inserting (9) into the set of equations (3) - (6) and comparing the components with the same exponential factors one gets a set of equations for each ν -order amplitude
where G 0 = SI 0 + β is the rate of carrier generation, E = ( B T / )K is called the diffusion field and = /(1 + β/SI 0 ) is the reduced fringe contrast. The system of algebraic equations (10)- (12) can be solved numerically [8, 9] . However, because each harmonic depends on the lower order harmonics as well as on the higher order ones, these equations are rather inconvenient to solve, requiring suitable numerical techniques. Moreover for high fringe contrast a large number of harmonics should be taken into account to ensure a convergence of the solution. In a perturbative approach ∆I( ) = mI 0 cos(Kz) is treated as a perturbation of an average illumination I 0 and the modulation depth is a perturbative parameter. In that case, suitable equations can be obtained if in the expansions (9) complex conjugate terms are omitted. For 
where matrices denotes consecutively: W ν -matrix of process rates, V ν -vector of variables (densities of free carrier and ionized donors) and F ν -vector of excitations.
(a) (b) Figure 3 . The free carriers density distribution (solid line) (a) and its spectrum (b) at high external field (E 0 = 3 kV/cm), for Λg 10µm and = 0,99.
16) The amplitudes of the space charge field E ν are determined from Gauss law (12) . Assumption of linear recombination (or negligible average depletion of traps) N + D (z) = N + D0 ≈ N A allows the simple expression for zero order quantities to be written as:
Note, that on the basis of Eqs. (14)- (16) each harmonic amplitude depends only on lower order components, and in accordance with the perturbative method the amplitudes V ν are proportional to ν . Equations (13-16) are considerably simpler and faster as numerical calculations then equations (10) (11) (12) . Perturbation technique is a method of successive approximations. This approach can be successful provided that the linearized solution (perturbative solution of the first order) is approximately equal to the exact solution and introduction of higher order correction terms increases only the accuracy of the solution. In the case of equations (10-12) the fundamental harmonics of N + D ( ) and E ( ) are strongly coupled with all higher order amplitudes, hence the linearized solution may considerably depart from the exact solution, particularly for modulation depth tending to unity. In fact, values of higher order components can have the same order as the first harmonic. For this reason the perturbation procedure is correct only for 3 , (practically up to 0.5) but fails for greater values of . Our approach is based on the numerically verified effect [5, 9, 10 ] that on the contrary to distributions of the space-charge field and ionized donors, the free carrier distribution is a quasi-sinusoidal for any value of . Furthermore, its linear solution is a very good approximation of the fundamental harmonic. The higher order harmonics ( ν ) are much smaller than the fundamental one and their influence on 1 is negligible. As a result, the higher harmonics of free carrier distribution can be obtained by perturbative method in much wider range of then N + D and E ones On the basis of ( ) obtained by perturbative method analytical expressions for the current density ( ), the ionized donors concentration N + D ( ) and the electric field E( ) can be found. Dividing Eq. (4) by and averaging all terms over a grating period Λ one gets
Because for a steady state = constant, E = E 0 and (1/ )d /d = 0 for arbitrary periodic distribution, the current density is
Inserting Eq. (19) into Eq. (4) one finds the electric field distribution
The ionized donors distribution can be obtained straightforward from Eq. (3) as
The approach described above will be called the perturbative-analytic method. Additionally, a simple analytical expression is obtained for the case when ( ) can be approximated by a purely sinusoidal carrier distribution: 
where
. E is so called trap limited field, describing the maximum field amplitude possible for the available trap density and φ is a spatial shift of the carrier grating relative to the light pattern. Taking into account that
one can obtain the current density (19) as an explicit function of the carrier density modulation depth
The electric field intensity obtained from (20) is
while the harmonic amplitudes of E( ) have the form
for Fourier series expansion given by
It is worth noting that in the case of small modulation depth ( 1), the function ( 1 ) ≈ − 1 /2, and the first harmonic amplitude takes the form of the well known linear solution [20, 21] :
where φ = π + arctan
is the spatial shift of the space charge field in respect to the light intensity.
In the case of arbitrary fringe contrast and under the assumption that the free carrier density is sinusoidal (22) the coupled equations for the lowest orders amplitudes take the form: 
Results
To examine an accuracy of different approaches we compare results obtained by the perturbative-analytical method, the linear solution [20, 21] , and the perturbative solution (calculated numerically from Eq. (13)), with the results of numerical integration of equations (3-6). All calculations were carried out for parameters of GaAs doped with Cr, which are listed in Table 1 . Writing wavelength λ = 1.06 µm
Fringe spacing Λ = 10 µm
Applied field
Values of GaAs:Cr material parameters were taken from [21] . Figs. 1 and (2) show distributions of electric field, E( ) = E ( ) + E 0 , for the applied field of E 0 =3 kV/cm, the grating period Λ = 10 µm and three different values of modulation depth. The intensity of the applied field is high enough to obtain domination of drift transport over diffusion, E 0 > E (the diffusion field for chosen parameters is about 160 V/cm). As one can see in Figs. 1a -1c the perturbative method has higher accuracy than the linear solution, but reasonable agreement with the numerical results is attained only for a moderate value of (here for ≤ 0.5). Amplitudes of the first seven Fourier components of numerically calculated space charge field are shown in Fig. 1d . The first harmonic of E is greater than the applied field E 0 due to the coupling with higher order components. For comparison, the first harmonic obtained from the perturbative approach (equal to the linear solution |E 1 |) is also depicted. In the considered case, for E 0 , E E the value of |E 1 | does not exceed E 0 .
Figs. 2a -2c present electric field distributions obtained from the perturbative-analytical method (20) and the approximate analytical solution (25), together with the results of numerical integration of material equations (3-6).
As seen, the perturbative-analytical method agrees with numerical solution within a few percent regardless of the value of . The analytical solution provides good results for < 0.8. For larger it can considerably differ from the numerical solution, and in case of close to the unity this discrepancy may exceed 100%. It is worth noting that the analytical solution is obtained from the perturbativeanalytical equation (20) by neglecting higher order components in ( ). The comparison of results shows that at large higher harmonics of the free carriers distribution have to be taken into account. The profile and the amplitudes of first few harmonics of ( ) are presented in Fig.  3 . Despite the strong domination of the first harmonic, the higher harmonics markedly changes the space-charge field distribution in the case of → g, presented in Fig.  2a and 2c . This indicates that the function E( ) given by Eq. (20) can be very sensitive to changes in the profile of ( ). Fig. 2d shows additionally the spatial distribution of the ionized donor density N + D ( ) for fringe contrast = 1. As can be seen, the concentration of ionized donors in the center of a dark fringe of the interference pattern (at Kz = π) is close to zero which is in agreement with Eq.
(21) for β = 0.
The profile of free carriers distribution and the amplitudes of first four harmonics of ( ) for zero applied field (E 0 = 0) are plotted in Fig. 4a and 4b . As can be seen, in the diffusion dominated case (E E 0 ) amplitudes of higher harmonics are very small. Their negligible influence on E( ) is presented in Fig. 4c , where the result obtained from Eq. (25) for = 0.99 is plotted, and a good agreement with numerical solution is found. Generally, for the diffusion dominated case, the analytical solution (25) is a good approximation of the electric field distribution for arbitrary high fringe contrast More sensitive to higher harmonics is the distributions of ionized donor density. It should be noted that neglecting of higher harmonics in the free carrier density is a widely used approximation in theoretical works [2, 6, 9] . However, this approximation is not justified in all cases. Higher harmonic amplitudes of ( ) are usually of the order of a few percent of the first harmonic, but E( ) is very sensitive to higher harmonics when → 1. Even small deviation from the sinusoidal shape of ( ) may lead to significant changes in the profile of E( ). The comparison with the numerical solutions shows that the analytical expression (25) gives reasonable results for ≤ 0.8 whereas the perturbative solution is correct only for values of up to roughly 0.5.
Conclusions
We presented the new scheme to find the stationary response of PR materials in a two-wave mixing geometry.
This approach is based on the perturbation procedure applied only to free carriers concentration, while other quantities are obtained from the complete material equations. The proposed method permits determination of the distribution of charge and space charge field for arbitrary high modulation depth of the interference pattern. Also a simple analytical solution applicable to < 0.8 is presented. The proposed method gives fairly accurate solutions of material equations over a broad range of parameter values. In comparison with purely numerical methods, our approach is more stable and obtains the dependence of the space charge field on changes of such quantities as the applied field or the grating period in a simpler way. The accuracy of the solutions regarding to the electric field distribution contains in the range to 10%. Moreover, the proposed approach is flexible and can be employed to more complicated PDDT models [22] than the standard one analyzed in this work, and for every set of material equations.
